We ÿrst obtain the exact value for bipartite density of a cubic line graph on n vertices. Then we give an upper bound for the bipartite density of cubic graphs in terms of the smallest eigenvalue of the adjacency matrix. In addition, we characterize, except in the case n = 20, those graphs for which the upper bound is obtained.
Introduction
In this paper, our basic terminology and notation follows that of Bondy and Murty [7] . For a simple graph G (no loop or multiedges), the set of vertices is denoted by V (G), the set of edges by E(G) and the cardinalities of these sets by |V (G)| = n and "(G), respectively. The degree of a vertex v in G is denoted by d G (v) and the (0; 1) adjacency matrix of a graph G is denoted by A(G). The line graph of a graph G is deÿned by V (L(G)) = E(G), where two vertices in L(G) are adjacent if and only if they are adjacent as edges of G. A graph is triangle-free if it contains no triangles.
Let G be a simple graph. Let H be any bipartite subgraph of G with the maximum number of edges. Then
is called the bipartite density of G (see [1, 6, 15, 17] ). The problem of determining the bipartite density of a graph is NP-complete problem, even if G is cubic and trianglefree (see [5, 22] ). In 1995, Poljak and Tuza in [19] provided a comprehensive survey paper on maximum cuts and largest bipartite subgraphs. In their paper, they studied the polyhedral theory, non-polyhedral relaxations of the max-cut problem and their applications. In particular, Delorme and Poljak in [9] [10] [11] [14] reÿned on this result and Alon in [1] gave the sharpest lower estimate for b(G). Many works on bipartite density dealt with cubic graphs. For example, Locke [16] and Staton [21] showed that for cubic graphs other than the complete graph on 4 vertices, K 4 , b(G)¿ 9 . Moreover, Bondy and Locke [6] and Hopkins and Staton [15] proved that if G is a cubic and triangle-free graph, then b(G)¿ 4 5 . For other related results, readers may see [19, 4] , which is a broad survey on the bipartite subgraphs of graphs with maximum degree three, and the references therein.
In this paper, we ÿrst obtain, in Section 2, the exact value of the bipartite density for a cubic line graph. Then in Section 3, we give an upper bound for the bipartite density of cubic graphs in terms of the smallest eigenvalue of the adjacency matrix and characterize, except in the case n = 20, those graphs which attain the upper bound.
The exact value of bipartite density for cubic line graphs
In order to obtain the exact value for bipartite density of cubic line graphs, we need some lemmas. Lemma 2.1 (Aribib [3] , Poljak and Tuza [19] and Shiraishi [20] ). Let G be a connected graph with degree d G (v) of vertex v. If H is a bipartite subgraph of line graph L(G) with the maximum number of edges, then
where k is the number of vertices with odd degrees.
A graph G is called (p; q) semiregular graph if G is bipartite and the degrees of vertices in each bipartite partition of the vertex set are p and q, respectively. 
if p is odd and q is even;
if p is odd and q is odd;
if p is even and q is even:
with maximum number of edges. If p is odd and q is even, then by Lemma 2.1,
The other two cases follow similarly.
Lemma 2.3. Let G be a connected graph. Then the line graph L(G) is regular if and only if G is regular or semiregular.
Proof. The su ciency is clear. Now we may assume that L(G) is regular. Hence for any e = (u; v), the d H (u)+d H (v)−2 is constant (independence on the choice of edges in H ). If G is not regular, then there exists an edge e = (s;
; the distance between vertex v and vertex s is odd} and V 2 = {v ∈ V (G); the distance between vertex v and vertex s is even }. It is easy to show that the degree of any vertex in V 1 is equal to d G (t) and the degree of any vertex in V 2 is equal to d G (s). In fact, for any vertex v ∈ V 1 , there exists a path of odd length from vertex s to vertex v. Using the fact that for any
Further, the induced subgraph by V 1 has no edges (otherwise,
) and the induced subgraph by V 2 has no edges either. Hence, G is semiregular.
Theorem 2.4. Let G be a cubic line graph on n¿6 vertices. Then
Proof. We may assume that G is connected. Since G is line graph, there exists a graph 
Remark 2.5. As mentioned in the introduction, Staton in [21] and Locke in [16] proved that b(G)¿ 7 9 for cubic graphs. Theorem 2:4 provides a class of graphs for which equality is attained.
An upper bound for bipartite density
In this section, we assume that G is connected. The largest and smallest eigenvalues of a matrix A will be denoted by max (A) and min (A); respectively. In order to obtain an upper bound for the bipartite density of cubic graphs, we need some lemmas. 
where 1 is a vector of all ones. Hence, the inequality holds. If H is regular or semiregular, then it is easy to see that the equality holds. Conversely, if the equality holds, then 1 is eigenvector of B correspond to max (B). Therefore, L(H ) is regular. Hence by Lemma 2.3, H is regular or semiregular. Proof. Clearly,
Since H is a bipartite subgraph of G, there are bipartite partition (V 1 ; V 2 ) of V (H ) such that the one end vertex of each edge (u; v) in H is in V 1 and the other end of (u; v) is in V 2 . Let y be the function on vertex set V (H ), where
Lemma 3.3. Let H be any bipartite subgraph of a cubic graph G on n vertices with the maximum number "(H ) of edges. Then the number of vertices with degree 2 is a = 3n − 2"(H ) and the number of vertices with degree 3 is b = 2"(H ) − 2n.
Proof. Since H is a bipartite subgraph of G with the maximum number of edges, by [13] , we have
2 , for any v ∈ V (H ). Hence, the degree of each vertex in H is 2 or 3. Therefore, a = 3n − 2"(H ) follows from 2a + 3(n − a) = 2"(H ). 
since G is cubic, 3n = 2"(G). Furthermore, by Lemma 3.2, we obtain
Hence the assertion follows from the last inequality. Now assume that n = 20: If G is bipartite, then b(G) = 1 and min (A(G)) = − 3. So the equality hold. If G is the complete graph K 4 , or the Petersen graph or any of the four graphs in Fig. 1 , then it is easy to check out that the equality holds by simple calculation.
Conversely, assume that equality holds. Let H be any bipartite subgraph of G with the maximum number "(H ) of edges. Then from the above proof of inequality, the equality in Lemma 3.1 for H must hold. Moreover, H is obviously connected if G is connected, so H must be regular or semiregular by Lemma 3.1. Now we consider the following three cases:
Case 1: H is 2-regular. By Lemma 3.3, "(H ) = n. Hence G is K 4 , by [16] or [21] 
Case 2: H is 3-regular. Then G is equal to H and G is a bipartite graph. (A(G) ) . If G is a triangle-free graph, then by Theorem 2 in [6] , G is the Petersen graph or the Dodecahedron graph. However, the smallest eigenvalue of the Dodecahedron graph is not equal to −2. Therefore, G is the Petersen graph. Now, we assume that G contains at least one triangle. If n¿28, then G is a line graph by Lemma 3.4 and min (G) =−2, since G is not the cocktail party graph. Hence by Theorem 2.4, b(G) = with equality if and only if G is Pertersen graph.
Proof. Since G is a cubic and triangle-free graph, b(G)¿ 4 5 by [16] or [21] . Hence by Theorem 3.5, we have 
